344

IEEE TRANSACTIONS ON ULTRASONICS, FERROELECTRICS, AND FREQUENCY CONTROL, VOL. 44, NO. 2, MARCH 1997

Accurate Measurement of the 12.6 GHz.
“Clock” Transition in Trapped "Yb" Ions

Peter T. H. Fisk, Matthew J. Sellars, Malcolm A. Lawn, and Colin Coles

Abstract—We have measured the frequency of the
171ypbt 12.6 GHz Mp = 0 — 0 ground state hyperfine
“clock” transition in buffer gas-cooled ion clouds confined
in two similar, but not identical, linear Paul traps. After
correction for the known differences between the two ion
traps, including significantly different second-order Doppler
shifts, the frequencies agree within an uncertainty of less
than 2 parts in 10'®. Our best value, based on an ana-
lytic model for the second-order Doppler shift, for the fre-
quency of the clock transition of an isolated ion at zero
temperature, velocity, electric field and magnetic field, is
12642812118.466 + 0.002 Hz.

I. INTRODUCTION

NVESTIGATIONS of the suitability as microwave fre-
Iquency standards of ground-state hyperfine transitions
(“clock” transitions) in clouds of buffer gas-cooled 19°Hg™*
and '"YbT ions confined in radio frequency (RF) Paul
traps have raised questions concerning the frequency off-
sets arising from the Paul trap environment [1]-[9]. Some
of these offsets can be relatively large, and also diffi-
cult to quantify, and may therefore limit the accuracy
of a trapped-ion frequency standard. For example, the
quadratic Stark shift of the 12.6 GHz ground state hy-
perfine transition of buffer gas-cooled ' Yb* ions due to
the confining RF fields in a hyperbolic Paul trap has been
measured as —7 parts in 103 [1], with an uncertainty of
approximately 50%. In the same system, the magnitude
of the second-order Doppler shift is greater than 1 part in
10'2, depending on the operating conditions of the trap,
again with an uncertainty of approximately 50%. Analo-
gous measurements [10] on buffer gas-cooled **Hg™ ions
in a hyperbolic Paul trap have indicated a limiting accu-
racy of 2.5 parts in 10%3.

In the case of a hyperbolic Paul trap, the node of the RF
electric field, which is the bottom of the confining pseudo-
potential well, is a geometric point. Due to the mutual
Coulomb repulsion of the ions, an ion cloud must necessar-
ily extend into the region where the confining RF electric
field is non-zero. This results in the observed significant
quadratic Stark shifts, and induces micro-motion of the
ions at the RF frequency which contributes to the second-
order Doppler shift as well as RF heating of the ion cloud.
The linear ion trap configuration is advantageous [11] for
frequency standards purposes because the node of the con-
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fining RF field is a line. This results in a substantially
smaller influence of the confining RF fields on a cloud of
a given number of ions than in a hyperbolic trap.

In both the hyperbolic and linear trap types the magni-
tudes of the second-order Doppler shift and the quadratic
Stark shift depend on the physical properties of the ion
cloud, which are difficult to measure directly. The calcula-
tion of the resulting frequency offsets must, therefore, rely
on a model of the ion cloud which is based on measurable
parameters, such as the trap dimensions, the temperature
of the ion cloud and the frequencies (secular frequencies) at
which the ionsg oscillate in the confining pseudo-potential
well. The validity of such a model may ultimately prove
to be a limiting factor for the accuracy of a trapped ion
frequency standard.

We have previously reported [5], [6] some aspects of
the performance of a prototype frequency standard (IT-
1) based on the 12.6 GHz ground state hyperfine “clock”
transition in '"'Yb™T ions confined in a linear Paul trap.
More recently, we constructed a second prototype standard
(IT-2), similar to IT-1 but with significant improvements
in magnetic shielding and optical detection efficiency. A
comparison [12] of the measured clock transition frequen-
cies of the two traps under conditions where they contain
different numbers of ions, and consequently ion clouds of
different sizes, provided an early test of a model which
gives values for the differing second-order Doppler shifts
in the two traps. In the current paper we present the re-
sults of a more extensive investigation of the validity of
this model. We also present the results of several measure-
ments, over a period of more than 1 year, of the absolute
frequency of the 1™*Yb* 12.6 GHz “clock” transition.

II. EXPERIMENTAL

The electrode structure of the ion trap systems I'T-1 and
IT-2 (Fig. 1) has been described previously [5], [6], [12]-
[14]. Since the publication of [12] the arrangement of the
vacuum system and magnetic shielding of I'T-1 has been
upgraded to be equivalent to that of IT-2, and is shown
in Fig. 2. The important features of both ion trap systems
are described here.

A. Magnetic Shielding

The ion trap systems have five layers of shielding con-
sisting of an inner layer of silicon steel, surrounded by
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RF electrodes (x 4)
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Fig. 1. Schematic electrode structure of the linear ion traps IT-1 and
IT-2. In this paper we refer to motion in the x-z plane as transverse,
and motion in the y direction as longitudinal. The diameter of the
RF electrodes is 2.3 mm.

two layers of Co-Netic magnetic shielding material, sur-
rounded in turn by another layer of silicon steel. The
entire apparatus, including the photomultiplier housing,
turbo-molecular pump and electrical feed-throughs, is sur-
rounded by an outer layer of silicon steel, to form a box
with edge dimensions 1.1 m x 1.4 m x 1.6 m (h). The total
shielding factor of this system was measured as approxi-
mately 250.

B. Optical Delivery

The 369 nm laser light used to probe the "1Yb™ opti-
cal resonance transition was delivered to both systems via
a 200 pm core diameter multi-mode optical fiber. This al-
lowed the ion traps to be located in a different room from
the laser system (a frequency doubled titanium:sapphire
laser pumped by an argon ion laser), and its associated
major magnetic influence. Approximately 50 uW of laser
light entered the ion traps.

The loading, operation, and microwave interrogation se-
quence of both systems were essentially the same as de-
scribed previously [5], [6], and the operational parameters
are shown in Table I. The 12.6 GHz microwave signal for
each ion trap was synthesized separately (Fig. 3) from a
common source [5], [6], based on a sapphire-loaded super-
conducting resonator [15]. For the absolute clock frequency
measurements described in this paper, the microwave /2
pulse duration was 400 ms, with the pulse centers sepa-
rated by 25 s, yielding Ramsey fringes with a period of
40 mHz. For the frequency stability measurements, the in-
terval between the 7/2 pulses was set to 50 s. The phase
transients associated with the microwave pulses were in-
vestigated and, for the mode of operation of the frequency
synthesis system used to generate the data presented in
this paper, were found to contribute a frequency offset of
less than 0.1 mHz, which is presently negligible.

The laser system, which generates the 369.4 nm radia-
tion used to probe the populations of the '"'Yb* ground
state hyperfine levels following the microwave interroga-
tion pulse sequence, is common to both ion trap systems.
The laser radiation is not expected to produce any long-
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Fig. 2. Schematic diagram of the ion trap systems [T-1 and IT-2.
a) Trap RF electrodes, b) fluorescence focussing lens, ¢) photomul-
tiplier tube, d) magnetic shielding (4 layers, see text), €) Helmholtz
coils, f) microwave horn, g) outer magnetic shield, h) turbo-molecular
pump, i} electrical vacuum feedthroughs.

12.64xxx GHz
5 MHz to IT-1
288 GH7| Syl
e
Cryogenic 9.73 GHz
sapphire
resonator
5MHz |
5~ Synth2 }——»
2.88 GHz 12.64xxx GHz
9.73 GHz to IT-2

Fig. 3. Schematic diagram of the system used to generate the mi-
crowave interrogation signals for the two ion traps. Both 12.6 GHz
signals were gated simultaneously to generate the Ramsey interroga-
tion pulse sequence.



346

IEEE TRANSACTIONS ON ULTRASONICS, FERROELECTRICS, AND FREQUENCY CONTROL, VOL. 44, NO. 2, MARCH 1997

TABLE I
TYPICAL OPERATIONAL PARAMETERS APPLIED TO THE ION TRAPS FOR THE MEASUREMENTS DESCRIBED IN THIS PAPER. FOR SOME OF THE
MEASUREMENTS DESCRIBED IN THIS PAPER, THE RF AMPLITUDES, END-ELECTRODE VOLTAGES, AND HELIUM PRESSURES WERE VARIED.
THE UNCERTAINTY IN THE HELIUM PRESSURE IS THE VARIATION OBSERVED BETWEEN THE READINGS OF TWO INDEPENDENT GAUGE HEADS
AND GAUGE CONTROLLERS CONNECTED TO A SINGLE VACUUM SYSTEM. THE VALUE QUOTED IS CORRECTED FOR RELATIVE GAUGE
SENSITIVITY TO HE USING THE CALIBRATION FACTOR GIVEN BY THE GAUGE MANUFACTURER.

IT-1 IT-2
RF electrode separation 20 mm 20 mm
RF electrode diameter 2.3 mm 2.3 mm
End electrode separation 60 mm 60 mm
RF frequency 500 kHz 510 kHz
RF amplitude 287 £ 3Vp_p 280 £3Vp_p

End electrode voltage
He pressure

10.0 V (stability 4-0.001 V)
1.2+0.6 x 10~* Pa

10.0 V (stability £0.001 V)
1.7+ 0.6 x 10~% Pa,

term offsets, correlated or otherwise, in the clock frequen-
cies of the two systems, since the laser light is blocked
during the microwave interrogation sequence [5}, [6]. The
laser power is actively stabilised, with a residual fluctua-
tion of approximately 1% .

Isolation of IT-1 from the microwave interrogation ra-
diation applied to IT-2, and vice-versa, was better than
50 dB. At the present level of precision, the effects of
microwave cross-talk between the two systems are too
small to be measured. There are also a number of side-
bands on the 12.6 GHz signal, due to the mixing scheme
used in its generation [5], [6]. The maximum shift in the
measured clock frequency induced by these sidebands was
calculated as 2 parts in 10'®, which is currently negligi-
ble.

II1. RESULTS

The results of measurements made on the two ion traps
are shown in Table II.

The frequency of the 12.6 GHz '"*Yb* Mr = 0 — 0
hyperfine resonance in each ion trap was measured by lock-
ing [5], [6] the two 12.6 GHz signals to the Ramsey fringe
pattern from each ion trap. The cycle time of the experi-
ment was such that one frequency measurement was made
on both traps every 72 s. During each measurement cy-
cle, the Larmor frequency in each trap was obtained by
measuring the frequency separation of the Mp = 0 — 0
and Mp = 0 — —1 Zeeman components of the 12.6 GHz
hyperfine transition [5], [6]. The Larmor frequency in each
ion trap varied by less than 80 Hz during the period of
the measurement, and the results for both the Larmor fre-
quency and the clock frequency presented in Table II are
averaged over this period.

The longitudinal and transverse secular frequencies
were measured from the microwave excitation spectra from
each trap, an example of which is shown in Fig. 4. The dif-
ferent ratios of longitudinal to transverse secular frequency
in the two traps are not yet understood but are assumed
to be associated with the supposedly minor differences in
the shape of the end electrodes fitted to the two traps.
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Fig. 4. Sideband structure on the 12.6 GHz clock transition in IT-2
due to longitudinal and transverse motion of the ions. The peaks due
to the transverse secular motion with the trap loaded to a typical
operating level, and near-empty, are labelled w;, and ws, respectively.

The stability, characterized by the Allan deviation
oy(7), of the 12.6 GHz YD clock transition in IT-2 with
respect to the hydrogen maser NML-Maser 2 is shown in
Fig. 5. For integrating times between 114 s and 1000 s,
the system exhibits a white noise-limited performance
oy (T) = 6 x 107147 ~1/2, Beyond 1000 s the measured per-
formance is probably limited by the hydrogen maser.

Inspection of the Allan deviation of IT-2 with re-
spect to the sapphire resonator-based local oscillator (LO)
(Fig. 6) indicates that the hydrogen maser NMI-Maser 2
contributes significantly to the Allan deviation shown in
Fig. 5, and for averaging times less than 300 s, the per-
formance of IT-2 is probably better than or equal to
oy(T) = 4.7 x 10747 =1/2,

The expected performance of the system is given by [16]

)= 2L (F) 2 o)
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TABLE II
MEASURED TRAP PARAMETERS CORRESPONDING TO THE CONDITIONS LISTED IN TABLE 1. THE IoN CLOUD LENGTH WAS MEASURED USING
A UV-SENSITIVE CCD CAMERA, AND THE IoN CLOUD TEMPERATURE WAS CALCULATED FROM THE MEASURED DOPPLER WIDTH OF THE
OPTICAL TRANSITION [5], [6]. THE PRESSURE SHIFT DUE TO HELIUM WAS TAKEN FROM A PREVIOUS MEASUREMENT ON IT-1 [5], [6]. THE
RAw CLOCK FREQUENCY IS THE UNCORRECTED FREQUENCY OF THE 12.6 GHz '"1YBT Mp = 0 — 0 GROUND-STATE HYPERFINE
RESONANCE WITH RESPECT TO THE HYDROGEN MASER NML-MASER 2. NOTE 1: THESE ARE THE MEAN LARMOR FREQUENCIES OVER THE
PERIOD OF MEASUREMENT (15 MEASUREMENT CYCLES), AND THE UNCERTAINTIES ARE BASED ON THE DIFFICULTY OF LOCATING THE
CENTER OF THE ZEEMAN LINESHAPES DUE TO THEIR RESIDUAL ASYMMETRIES. NOTE 2: THESE ARE THE MEAN FREQUENCIES OVER THE
PERIOD OF MEASUREMENT, AND THE UNCERTAINTIES REFLECT THE VARIATION DURING THIS TIME.

IT-1 IT-2

Ion cloud length not measured 0.024 m
Ton cloud temperature (longitudinal) 357 £ 30 K 371+ 30 K
(transverse) 417430 K 431+ 30 K
Secular frequencies (trap loaded)

longitudinal 4.5+ 0.5 kHz 6.0 £ 0.5 kHz

transverse 16.6 £ 0.5 kHz 17.7 £ 0.5 kHz
Helium pressure shift 0.38 £ 0.15 mHz 0.58 £ 0.15 mHz
Larmor frequency (1) 70495 £+ 5 Hz 71556 £+ 5 Hz

Ramsey fringe amplitudes
Mg = 0 — 0 transition
Mp = 0 — —1 transition

Laser scatter background

Raw clock frequency (2)

17000 photon counts

15000 photon counts

1000 photon counts
12642812119.2529 £+ 0.0003 Hz

37000 photon counts

35000 photon counts

4000 photon counts
12642812119.2781 4 0.0003 Hz
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Fig. 5. Fractional Allan deviation of IT-2 with respect to NML-
Maser 2. Routine monitoring of the two masers over the last 12
months has shown that the performance of Maser 2 is superior to
that of Maser 1.

where df is the width of the central Ramsey fringe, fy is
the frequency of the clock transition, N/S is the single-
measurement cycle noise-to-signal ratio and 7 is the mea-
surement cycle time. If we assume that the noise in the
signal arises solely from the shot noise associated with
the process of measuring the probability of individual
ions absorbing a microwave photon, (1) yields the per-
formance limit of the frequency standard. For the condi-
tions under which the data shown in Figs. 5 and 6 was
obtained (T, = 114 s), we calculate a performance limit
oy (7) = 1.8 x 107*4771/2_ which is plotted on Fig. 6.

For 7 = 114 s, the in-quadrature combination of
the shot noise contribution to the Allan deviation [cal-

10-14

Allan Deviation, oy(t)
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\
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Fig. 6. Fractional Allan deviation of IT-2 with respect to the LO.
The LO performance shown was measured with respect to a second
cryogenic sapphire resonator-based source.

culated using (1)] and the measured LO performance,
oy(114 5) = 2.6 x 107'°, predicts a limiting Allan devi-
ation 0,(1148) = 3.1 x 107'® for IT-2 with respect to
the LO. This is to be compared with the observed value
0,(114 s) = 4.4 x 107'°. The cause of the encouragingly
small discrepancy between the limiting and observed Allan
deviations at 114 s is not yet known precisely. However,
any of a number of factors, such as short-term jitter in
the frequency of the 369.5 nm laser, or frequency down-
conversion of phase noise in the 12.6 GHz signal occurring
over the time scales of the interrogating 7/2 pulses, may
be contributing.
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IV. ACCURATE DETERMINATION OF THE
CLOCK FREQUENCY

We now calculate the frequency, referenced to TAT (In-
ternational Atomic Time), of the 12.6 GHz "' Yb* Mp =
0 — 0 ground state hyperfine transition in a stationary ion
at zero magnetic fleld in a perfect vacuum. The calculated
magnitudes of the ghifts corresponding to the conditions
listed in Tables I and IT are shown in Table II1.

A. Second Order Zeeman Shift

The second order Zeeman shift of the clock transition
due to a magnetic fleld induction B is [17]:

Afooz = 310.8(B%) (2)

where the triangular brackets denote averaging over the
ion cloud, B is expressed in units of 107* T and higher
order terms have been neglected. Measurement of the fre-
quency difference (the Larmor frequency) fr between the
F=0Mr=0—->F=1Mp=0and F=0Mr=0—
F =1Mp =1 transitions yields a value for |{B)|;

fr

B)|=—"t
B = 151 1090

(3)
where fr is expressed in Hz. A complication arises [17]
in that generally (B*) = |(B)|?. This introduces a further
shift A fu. 1on, due to magnetic inhomogeneity, to the sec-
ond order Zeeman shift, so that

NN
1401 % 10° + AfM. Inh- (4)

Afeoz = 3108(1.401 X

The magnetic inhomogeneity shift A fyr, mmn is given by:

JfI nlz,y, 2)1B(,y, 2)|*dz dy dz
v

e

)| Bz, y, 2)|dz dy dz, *

)| ®

where n(z,y, z) is the spatially dependent number density
of the ion cloud and the integrals are taken over the volume
V' of the ion cloud.

The spatial dependence of the magnetic induction, av-
eraged over the ion cloud, was measured in I'T-2 by moni-
toring the Larmor frequency as the ion cloud was displaced
in the two transverse dimensions by DC biases applied to
the trap RF electrodes. The dependence in longitudinal
direction was then obtained from Maxwell’s equations. A
corresponding measurement was made using a Hall probe
in both IT-1 and IT-2, with the vacuum systems opened.
Although these measurements were made difficult by their
limited spatial resolution, a comparison of their results in
IT-2 was acceptably consistent.

Afu. mh = 310.8

n(z,y, z)dz dy dz

I nte.y, 2
_< e

n(x,y, z)dz dy dz
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We assume a cylindrical ion cloud whose axis is coin-
cident with the longitudinal axis of the ion trap, with a
radial density profile given by (A.7). The model of the
ion cloud is discussed in more detail in the next sec-
tion and in the Appendix. The measured magnetic inho-
mogeneities then result, using (5), in a calculated shift
Afv. mn = 0.5 0.5 mHz in both IT-1 and IT-2. The rel-
atively large uncertainty in this shift reflects the fact that
more work is needed to improve the characterization of the
magnetic inhomogeneity.

The magnetic inhomogeneity shift was inadvertently
overlooked in [12].

B. Second Order Doppler Shift

The second-order Doppler shift arises from the thermal
motion of the ions, characterized by the temperature of
the ion cloud, and the micro-motion of the ions at the fre-
quency of the RF trap drive. Since the amplitude and con-
sequently the velocity of the micro-motion increases away
from the RF node along the longitudinal axis of the trap, a
model of the radial density profile of the ion cloud is needed
to calculate the resulting component of the second-order
Doppler shift. Meis et al. [18] have presented a theoretical
model of an ion cloud in a spherically symmetric potential
in a hyperbolic Paul trap. In the Appendix, we present
a corresponding model for a linear trap. In this and the
next section we outline the use of this model, with some
of the parameters in Table II, to calculate the radial den-
sity profile of the ion clouds (assumed to have cylindrical
symmetry around the longitudinal trap axis) in IT-1 and
IT-2, and consequently the second-order Doppler shift and
the quadratic Stark shift in the two ion trap systems. The
results of the calculations are presented in Table III.

The depth of the trap potential was calculated from a
numerical model of the ponderomotive pseudo-potential of
an infinitely long linear Paul trap, taking into account the
finite diameter of the RF electrodes (Fig. 2). The depth
depends on the geometry of the trap as well as frequency
and voltage amplitude of the RF trap drive. Close to the
axis of the trap the pseudo-potential is approximately har-
monic in the transverse direction, and can be parameter-
1zed by ws, the transverse secular frequency of the empty
trap (A.1). When ions are introduced into the trap the
Coulomb repulsion between them modifies the potential
seen by each ion, and the difference between the observed
secular frequencies (Table II, Fig. 4) and theoretical value
for an empty trap (Table III) reflect this change in the
potential. The (Gaussian) radial density profile n(r) (A.7)
of the ion cloud was determined using the measured val-
ues of the temperature and the observed transverse secular
frequency w,,, as explained in the Appendix. The radius
at which the density of the ion cloud falls to 1/e of its
central density was simply calculated using the expression
for n(r), and the approximate number of ions in the cloud
was obtained by integrating 2nrn(r) from r = 0 to infinity,
and multiplying the result by the observed length of the
ion cloud.
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TABLE IIT
PARAMETERS CALCULATED FROM THE DATA IN TABLES [ AND I ACCORDING TO A THEORETICAL MODEL OF THE 10N CLOUD. THE VALUES
GIVEN FOR THE NUMBER OF IONS IN THE TRAPS ARE ESTIMATES ONLY, BASED ON THE LINEAR ION DENSITY CALCULATED USING (A.4),
AND THE OBSERVED LENGTH OF THE IoN CLOUD IN TRAP 2.

IT-1 IT-2
Trap potential well depth 1.2 eV 1.2 eV
Transverse secular frequency (empty trap)  23.5 kHz 22.4 kHz
Ion cloud radius (1/e of central density) ~ 1.9 mm ~ 1.8 mm
Ion number ~ 4% 10° ~ 2 x 10°
Second-order Doppler shift —9.3+ 0.7 mHz —8.5 4+ 0.7 mHz

Stark shift

—0.13+£0.07 mHz —0.11 £ 0.06 mHz

The component of the second-order Doppler shift due
to the thermal motion of the ions is given by:

Af

f secular

3 kT

2mc? (©)
where k is Boltzmann’s constant, T is the kinetic temper-
ature characterizing the secular motion of the ions, m is
the mass of a "*Yb™ ion and ¢ is the speed of light.

The micro-motion contribution to the second order
Doppler shift is calculated by averaging the shift over the
profile of the cloud, with the result that the total second
order Doppler shift is given by:

= (145 ),

In the work described in this paper, the temperature of
the ion cloud was calculated from the Doppler width of the
optical transition driven by the 369 nm laser propagating
along the longitudinal axis of the ion trap [5]. The temper-
ature Tjong 50 obtained characterizes the thermal secular
motion of the ions in the longitudinal direction. It was
found in a separate experiment, where the ion cloud tem-
perature was measured similarly but with the laser propa-
gating across the trap in the transverse direction, that the
temperature Tipa,s characterizing the motion of the ions
in the transverse direction is significantly higher (Fig. 7).
For these transverse measurements, the laser was carefully
aligned perpendicular to the z axis so that the tempera-
ture obtained was characteristic of the transverse secular
motion only, and not the micro-motion at the 500 kHz RF
drive frequency. The residual contribution of micro-motion
in the direction of propagation of the laser beam, due to
the finite width of the beam, was calculated to be less than
10 K. The discrepancy between the transverse and longitu-
dinal temperatures is not surprising, at least qualitatively,
when one considers that the heating of the ion cloud above
the temperature (room temperature) of the He buffer gas
occurs due to the purely transverse micro-motion of the
ions. Although we have not studied the processes involved
in detail, transfer of energy from the transverse degrees of
freedom to the longitudinal appears to occur via YbT-Ybt
Coulomb interactions, and more significantly at higher He
pressures, via Yb1-He collisions.

Af

f total
Second-order Doppler
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Fig. 7. Numerical fit to the measured difference between the ion cloud
temperatures measured (see text) in the longitudinal and transverse
directions, as a function of He pressure. The uncertainty in the mea-
sured difference is estimated to be less than 10 K.

Since the motional energy in each of the three spatial
degrees of freedom of the ion cloud is not equal, the ion
cloud is not in thermal equilibrium. The assumption of a
Maxwellian velocity distribution made in the derivation of
(7), and the precise meaning of transverse and longitudi-
nal temperatures is therefore, to some extent, questionable
and has not been studied in detail. Nevertheless, because,
for the purposes of the present work, the temperature dif-
ference between the longitudinal and transverse degrees
of freedom is approximately 60 K, which is significantly
smaller than the temperature measured in the longitudi-
nal direction (~ 360 K), we use as a best estimate of the
second-order Doppler shift a modified version of (7):

af _
f Second—otrodtgr1 Doppler
3 k 2 we )
- Ew <Tlong‘ + é‘Ttrans <w_s> ) . (8)

The uncertainties in the second order Doppler shifts
given in Table III reflect only the uncertainties in the tem-
perature and secular frequency measurements.
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C. Quadratic Stark Shift

The quadratic Stark shift is given by:
af

7l o) ©)

where the triangular brackets denote averaging of the
square of the electric field amplitude E over a cycle of
the RF trapping field and over the calculated density pro-
file of the ion cloud. The experimentally determined value
of ks for 1Y b+t is 241 x 1072 'm?2V =2 [1]. The averaging
over the radial density profile of the ion cloud is carried
out using a similar method (see Appendix) to that used to
obtain (7), with the result (A.12)

A <\ m?
*i = —4k; <L> E2—kiz—15rans-
f Stark Wm, q

Here ¢ is the electronic charge, /27 is the frequency of
the RF trap drive, and the temperature Tians characteriz-
ing the transverse motion of the ions has been substituted
for T in (A.12).

The value for ks may also be used to calculate [17]
the fractional frequency shift due to ambient blackbody
radiation. The resulting fractional shift, approximately
—1.4 x 10715, is presently negligible.

(10)

V. FINAL VALUE OF THE CLOCK FREQUENCY

The corrections applied to the raw clock frequencies
from the two ion trap systems, measured on the same day
under operating conditions corresponding to Tables T-111,
are detailed in Table TV.

It is evident that, despite the significantly different cor-
rections for the second order Doppler shift applied to the
raw frequency from each ion trap, the two final frequency
values agree to within 3 parts in 10**, although the uncer-
tainties in the two values are somewhat larger.

We have made a number of measurements of the 17Yb™
clock frequency over a period of more than 12 months. The
results are shown in Fig. 8. Up to the date MJD 50139,
the 1"'Yb* clock frequencies are corrected for the varia-
tion (averaged over 60 days), with respect to the SI sec-
ond, of the frequency of the hydrogen maser used as the
local reference. The data for the absolute hydrogen maser
frequency variations since this date is not available at the
time of writing, and the corresponding data points in Fig. 8
are corrected according to an extrapolation of the H maser
frequency variation.

On three occasions the ' YbT clock frequency was
measured on IT-1 and IT-2 either simultaneously or on
the same day. In each case, the agreement between the two
frequencies is much better than 1 part in 10'3. During the
period over which the data shown in Fig. 8 were obtained,
both ion trap systems were dismantled and reassembled
several times for various reasons, apparently without sub-
stantially affecting the corrected clock frequencies.
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Fig. 8. Corrected 1"*Ybt clock frequencies measured over a period
of approximately 14 months. MJD = Modified Julian Day, MJD
49820 = April 13 1995, MJD 50250 = 16 June 1996. On the three
occasions (MJD 49826, 50239, and 50253) where determinations of
the clock frequency were made using IT-1, the corresponding mea-
surements on IT-2 were made simultaneously (on the first two oc~
casions) or on the same day (third occasion). The data points are
displaced horizontally on the plot for clarity. All of the data shown
here were obtained with 10 V applied to the end electrodes, with
the exception of the MJD 49826 data, where 20 V was used. Other
trap parameters, such as He pressure, RF voltage and trap contents
varied significantly between determinations. The data set taken on
MJID 49826 was previously reported [12], and that taken on MJD
50253 is detailed in Tables I-1V in the present paper.

Much of the variation in the corrected clock frequencies
since MJD 48950 can be explained by the day-to-day vari-
ation in the H maser frequency of a few parts in 104, re-
sulting from nonoptimal auto-tuning of the masers NML-
Maser 2 and NML-Maser 1. We cannot find evidence of
a maser frequency variation of magnitude sufficient to ex-
plain the outlying data points obtained on MJD 49826.
The reason for these outlying points is not known, al-
though the two trap systems were still in good agreement
on that date.

The uncertainties in the individual clock frequency de-
terminations represented by the error bars on Fig. 8, and
shown in Table IV, are largely statistical. The principal
systematic errors in the clock frequency determinations
will result from any inaccuracies in the model of the ion
cloud, described in the Appendix, used to calculate the
second-order Doppler shift. The two principal assumptions
made in the derivation of (A.10) were first that the ion
cloud is infinitely long, so that the distortion of the trans-
verse ponderomotive pseudo-potential due to the presence
of the end electrodes is neglected, and second that the po-
tential seen by the trapped ions remains harmonic despite
the distortion introduced by the space-charge of the ion
cloud. Inclusion of the end electrodes and the space charge
into the model of the ion cloud has not yet been attempted
for the ion trap systems discussed in this paper, although
some progress has been made on the space charge problem
by Prestage et al. [19] for the case of a *°Hg* ion trap.

An experimental test of the validity of the present ion
cloud model used to calculate the second-order Doppler
shift, and also the relatively insignificant quadratic Stark
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TABLE IV
CORRECTIONS APPLIED TO THE RAW CLOCK FREQUENCIES.

IT-1

IT-2

Raw clock frequency
Corrections (measured directly)
C field (2nd order Zeeman)
He pressure shift
Total measured corrections
Corrections (calculated according to model)
Second order Doppler shift
Stark shift
Magnetic inhomogeneity shift
Total calculated corrections
Correction for reference maser rate vs TAI
Corrected clock frequency (vs TAI)

12642812119.2529 + 0.0003 Hz

—0.7869 £ 0.0002 Hz
—0.00038 £ 0.00015 Hz
—0.7873 + 0.00025 Hz

0.0093 £ 0.0007 Hz

0.00013 4 0.00007 Hz

—0.0005 + 0.0005 Hz

0.0089 £ 0.00086 Hz

—0.0091 £ 0.001 Hz
12642812118.4654 £+ 0.0014 Hz

12642812119.2781 £+ 0.0003 Hz

—0.8108 £ 0.0002 Hz
—0.00058 + 0.00015 Hz
—0.8114 =+ 0.00025 Hz

0.0085 £ 0.0007 Hz

0.00011 £ 0.00006 Hz

—0.0005 + 0.0005 Hz

0.0081 £ 0.00086 Hz

—0.0091 £ 0.001 Hz
12642812118.4657 £ 0.0014 Hz
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Fig. 9. Variation in the measured '71Ybt clock frequency, uncor-
rected and corrected using (8) and (10) for the varying second-order
Doppler shift and (insignificantly small) quadratic Stark shift, as a
function of the number of ions in the trap. A trap content of 100%
corresponds to typical conditions under which the data shown in
Fig. 8 was obtained. Both data sets are corrected for all the other
shifts listed in Table IV. The end electrode voltage was 10 V. The
error bars represent the statistical uncertainty in the raw clock fre-
quencies only.

shift, should ideally involve making determinations of the
corrected 171Yb* clock frequency while the ion trap sys-
tems are operated over a very wide range of conditions.
Such an investigation has not been made, and indeed may
be impractical due to the relatively limited range of op-
erating parameters over which the ion trap systems will
usefully operate as frequency standards. However, in this
section, we present the results of a preliminary experimen-
tal investigation of the validity of the ion cloud model,
where the trap contents have been varied, the voltage on
the DC end electrodes (Fig. 2) has been varied and the
shape of the end electrodes has been changed.

Fig. 9 shows the variation in the measured clock fre-
quency observed as the number of ions in the trap was
reduced in reproducible steps by grounding the end elec-
trodes for a few microseconds at a time. The other trap-
ping parameters were set to values similar to those shown

= 0.468 |

[o'e) i

= 0466 g 0

§ 0.464 ] —o— Typel ||

2 0.462 ‘O Type2 -

i .

o, 0.46- —A— Type 2 (uncorr.) ||
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£ 0456 I |
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0 5 10 15 20 25

End Electrode Voltage (V)

Fig. 10. Variation in the measured *"1Yb™ clock frequency as the
voltage on the end electrodes was varied. Data is presented for two
different shapes of end electrodes, shown in Fig. 11. The data sets are
corrected for all the shifts listed in Table IV, except for one where
the correction for the second-order Doppler shift and (insignificantly
small) quadratic Stark shift have been removed. The error bars rep-
resent the statistical uncertainty in the raw clock frequencies only,
and are shown on only one data set for clarity.

in Table 1. After the frequency measurements were made,
the trap-loaded secular frequencies corresponding to each
data point were measured, as were the ion cloud tempera-
tures (which showed insignificant variation). It is evident
that, after the corresponding corrections were made to the
clock frequencies, the present model for the second-order
Doppler shift adequately accounts for changes in the num-
ber of ions in the trap, and consequently the size of the
ion cloud, over the range of values tested.

Fig. 10 shows an analogous set of data, but where the
end electrode voltage was varied, with other trapping pa-
rameters set to values similar to those shown in Table I.
A significant variation in the corrected clock frequencies
is evident as the end electrode voltage is varied, indicat-
ing a partial breakdown of the model for the second-order
Doppler shift. It was surmized that this might be due to
the electric field from the relatively large end electrodes
(type 1 electrodes, Fig. 11), used for most of the work de-
scribed in this paper, distorting the cylindrical pondero-
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20 mm

Fig. 11. Type 1 and type 2 end electrode shapes. The electrodes are
mounted with the central hole coincident with the longitudinal axis
of the ion trap (Fig. 1). The diameter of the central hole was the
same (6 mm) for both types. Type 2 end electrodes were fitted to
IT-2 for the data taken on MJD 49826 and MJD 50204 (see Fig. 8).
All other data shown in Fig. 8 was taken with type 1 end electrodes
fitted to both ion trap systems.

motive pseudo-potential. To test this theory, a set of end
electrodes (type 2) which approximated more closely the
case of a thin ring electrode around the longitudinal axis
of the ion trap were installed in IT-2. The corresponding
dependence (Fig. 10) of the corrected clock frequency on
the end electrode voltage is weaker than with the type 1
electrodes, but still significant. Furthermore, when the de-
pendence of the corrected clock frequency on the num-
ber of iong in the trap is measured using the type 2 elec-
trodes (the data in Fig. 9 was taken using type 1 end
electrodes), a variation in the corrected clock frequency
of up to +1 mHz was observed. Consequently, from our
measurements to date, we estimate the systematic uncer-
tainty due to the validity of the model of the ion cloud
used to calculate the second-order Doppler shift to be
+1.5 mHz.

The corrected clock frequencies obtained with the
type 1 and type 2 end electrodes agree for an end elec-
trode voltage of 10 V, consequently only data taken under
this condition is included in the calculation of our best
estimate of the '"'Yb™T clock frequency.

The possibility of contamination of the helium buffer
gas affecting the measured frequency of the '"'Ybt clock
transition was also investigated. For all of the data re-
ported in this paper, helium at the required pressures
was introduced into the vacuum systems of IT-1 and IT-2
through a heated quartz membrane. On IT-1, a glass flask
of spectroscopic grade helium is also connected through
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a sapphire leak valve, and helium from this source can
reasonably be expected to have different levels and types
of contaminants compared with helium obtained from the
quartz membrane. When an equal pressure of helium was
obtained from the glass flagk, rather than from the quartz
membrane, the measured clock frequency of IT-1 changed
by less than 0.1 mHz, indicating that at the present level
of accuracy, contamination of the helium used as a buffer
gas is probably not significant.

We do not expect a significant frequency shift
due to any residual first-order Doppler effect re-
sulting from curvature of the microwave wavefronts.
This would to a very good approximation contribute
a broadening (which we have not observed), rather
than a shift, in the microwave resonance because
of the cyclic nature of the ions motion in the
trap.

Discarding the MJD 49826 data, the mean of the
Yyht clock frequency measurements shown in Fig. 8
is 12 642 812 118.4662 Hz, with a standard deviation of
0.00054 Hz, and a calculated statistical uncertainty table
(4) of £1.4 mHz in each determination. Consequently, we
estimate our total uncertainty in Hz as ((0.0014(stat))® +
(0.0015(syst))?)'/2 = £0.002 Hz, yielding our best esti-
mate for the 177Ybt clock frequency 12 642 812 118.466 +
0.002 Hz.

Our measurement of the clock frequency is in agreement
with that of Tamm et ol. [1], 12 642 812 118.471+0.009 Hz.

VI. CONCLUSION

We have measured the frequency of the lybt
12.6 GHz My = 0 — 0 ground state hyperfine “clock”
transition in buffer gas-cooled ion clouds confined in
two similar, but not identical, linear Paul traps. After
correction for the known differences hetween the two
ion traps, including significantly different second-order
Doppler shifts, the frequencies have agreed on each oc-
casion on which they were measured within +3 parts in
1044

Measurements taken over a period of more than 12
months yield a value for the frequency of the 12.6 GHz
Mgz = 0 — 0 clock transition in an isolated " YbT ion
at zero temperature, velocity, electric field, and magnetic
fleld, of 12 642 812 118.466 & 0.002 Hz. An experimental
investigation of the validity of the model used to calcu-
late the second-order Doppler shift experienced by the ions
shows that the model is probably valid under the present
range of operating parameters to within 1.5 mHz.
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APPENDIX
CALCULATION OF THE SECOND-ORDER DOPPLER SHIFT

The calculation presented here of the second order
Doppler shift for a linear ion trap is an extension to the
linear ion trap case of previous work [18] on a spherically
symmetric potential in a hyperbolic Paul trap.

The ponderomotive trapping pseudo-potential experi-
enced by an ion of mass m close to the longitudinal axis
of an infinitely long linear Paul trap can be written in the
form:

(A.1)

where w, /27 is the transverse secular frequency and r is
the distance from the longitudinal axis of the trap. In the
limit where the radius r. of the RF electrodes is small
compared with their separation a, the expression for wy is

[20]:

4eVy

- V2mQa? In (%) (4.2)

Ws

where Vj is the peak voltage on the RF electrodes and
Q /27 is the frequency of the RF field.

Since the RF cycle average of the energy associated with
the ponderomotive pseudo-potential is equal to the RF
cycle average of the kinetic energy of the micro-motion of
the ions, given by m(v?)/2, the second-order Doppler shift
due to the micro motion is given by:

Af(r) _L{?)
2 ¢?
- ‘fﬁf;). (A.3)

2¢2

f micro

To determine the total second-order Doppler shift due to
the micro-motion, (A.3) must be integrated over the den-
sity profile of the ion cloud. The spatial distribution of the
ion density in the cloud at a temperature T', assuming a
Maxwellian distribution, is given by [21]:

Vi)

kT

n(r) = Cexp ( (A4)

where C' is a normalization constant. V() is the total ra-
dial potential seen by the ion, given by:

mwer

2
mw

= a4 a0

Vir) = + ®(r)

(A.5)

where ®(r) is the space charge potential due to the other
ions in the trap and wy,(r)/27 is the loaded-trap secular
frequency, in which the radial dependence of ®(r) has been
included. If the potential is assumed to remain harmonic
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in the presence of the space charge, w,,(r) may be approx-
imated by the constant value w,,, so that

2

2
MW, T

V(r) = 5

(A.6)

+ 3(0).

A numerical solution for the spatial distribution of the
ion cloud, taking account of space-charge, indicates that
the effective potential ®(r) deviates from harmonicity by
less than 10% over the radius of the ion cloud under the
conditions of the present work.

An expression for the ion density is obtained by substi-
tuting (A.6) into (A.4),

7_’””72“’”2) (A7)

n(r) = C’ exp ( 5%

The second-order Doppler shift due to the micro-motion
is then obtained using (A.7) and (A.3) and integrating over
the ion cloud

[ 2mr r2n(r)dr
0

--(32)
- = 2/ o
micro 2e [ 2mr n(r)dr
0

KT [we\?

T ome2 \wn,/

The second-order Doppler shift due to the secular mo-
tion is given by:

Af

f

(A.8)

s
T 2me?’

a7
/

and the total second-order Doppler shift is then

Af 3T 1+2<w3)2
f Second—otr?itear1 Doppler 2 m02 3 Wm (AIO)

This result is identical to that of Meis et al. [18] for a
spherically symmetric potential in a hyperbolic Paul trap.

The expression for the quadratic Stark shift (10) was
obtained from (9) by noting that the square of the RF
electric field amplitude averaged over one cycle in a cylin-
drical harmonic ponderomotive pseudo-potential charac-
terized by an empty trap secular frequency w; is given by:

(A.9)

secular

2
wstr> (A11)

E3(r) = 2< p

where ¢ is the electronic charge. The quadratic Stark shift,
averaged over the ion cloud is then obtained using (9)

5 [ 277 r¥n(r)dr

Af Y (wsmﬂ) ]
F Istanc q [ 27r n(r)dr
0
ws \ 2 mO2
= —4k, <—S) 5 kT. (A.12)
W, q
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