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A three dimensional magnetic confinement system is presented which will trap both
macroscopic and atomic magnetic dipoles. The dipole is confined by dc and oscillating magnetic
fields, and its motion is described by the Mathieu equation. Most aspects of the dynamics of the
trapped objects depend only on the ratio of the magnetic moment to the mass of the dipole.
Similar motion was observed for masses varying over 21 orders of magnitude (from 1 atom to
0.2 g). The trap is constructed from inexpensive permanent magnets and small coils which are
driven by 60 Hz line current. The design of the trap as well as the behavior of the trapped

particle are discussed herein.

L. INTRODUCTION

People have always been fascinated by the sight of an
object suspended in space, free from contact with any ma-
terial substance. Demonstrations of such an event are often
the centerpiece of magic shows, NASA public relations,
and presentations on high temperature superconductivity.
Recently, atomic physicists have developed a particular
interest in these phenomena. Their work would probably
make an excellent magic trick for a stage act, but is of
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course well grounded in physical theory. Electric or mag-
netic fields, produced by some relatively distant source, are
used to suspend and confine isolated ions, electrons, and
atoms. When confined in this manner, the particles are free
from the usual perturbations produced by nearby atoms,
and thus can be studied with unprecedented precision. The
Nobel prize in physics was awarded to Dehmelt and Paul
for their pioneering work in the field of ion trapping. While
trapping of charged particles is a mature field, the trapping
of neutral particles using magnetic fields is more difficult
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and very new. A significant development in this ficld was
the recent demonstration of a new type of trap which uses
an oscillating magnetic field gradient to trap cesium atoms
by interacting with their magnetic dipole moments. 12

We realized that the behavior of a particle in such a trap
depends only on the ratio of the magnetic moment to mass,
and not on either individually. Since macroscopic ferro-
magnetic dipoles can have moment to mass ratios which
are comparable to or larger than that of an isolated cesium
atom, this suggests that an ac trap could be used to trap a
macroscopic magnet. We are interested in this macroscopic
magnet trap for three rather unrelated reasons. First, a
large scale model provides an excellent demonstration of
the atom trapping technique and is a helpful pedagogical
aid. Second, the technique is a new method of magnetic
suspension and confinement. It has several advantages over
previous techniques, and so might prove useful in other
applications. Finally, the physics of the system is interest-
ing, and merits study for its own sake.

In this paper, we first discuss the problem of magnetic
confinement in general, and the theory for our particular
trap. We then describe our apparatus, and the constraints
upon its design. In the final section, we discuss the behav-
ior of the system, and compare it with theory.

II. MAGNETIC TRAPS

Consider the problem of confining an uncharged mag-
netic dipole in three dimensions. In a magnetic field B, a
dipole with moment u has a potential energy —pt - B. The
principle of virtual work may be used to find the force on
the dipole5 say —Fdz=dU= —d(u,B;). In general then,
the result’ is F=V(u+-B). For an ordinary bar magnet
placed in a slowly changing field, g will align itself with B,
so that p+B becomes |p||B|, and the magnet will be
accelerated in the direction of increasing field magnitude
by a force |p|V|B|. Hence, the dipole would be stably
confined at any local maximum in |B|. Unfortunately,
Maxwell’s equations prohibit such a maximum in free
space.*

Although a bar magnet cannot be trapped in free space
using a purely static magnetic field, there are several alter-
native approaches to confinement. Perhaps the simplest is
to magnetically confine the dipole in one or two dimen-
sions, using some other force in the remainder. A common
example of this is the toy in which a ring magnet is placed
around a hollow tube. When a smaller magnet is placed
inside the tube, the field confines it to the plane of the ring,
and the tube prevents it from sticking to the side of the
magnetic ring. Although the small magnet is confined, the
presence of contact forces is undesirable in many cases.

Another way to trap a magnetic dipole in a static field is
to have it spinning. If the angular momentum of the object
is non-negligible, and aligned with the dipole moment, the
dipole will tend to precess about the magnetic field, at some
fixed angle. If we set the system up with g and L antipar-
allel to the field, the dipole will be attracted to a minimum
in |B]. Field minima of this sort can occur, so this is a
physically realizable method of confinement. Although it is
difficult in practice to work with a rapidly spinning mac-
roscopic object, the technique may be readily applied to an
atom, where the projection of spin onto B is quantized.
Spin polarized atomic gases have, in fact, been confined in
such “weak field seeking state” traps.’
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Finally, a dipole may be confined in a dynamic field. An
example of this is the (rather more expensive) toy which
magnetically suspends an object, but uses optical sensors
and a feedback mechanism to continually adjust the field so
as to correct for the instability of the static equilibrium.
Systems of this type require complicated electronics, and
though they may provide a nice example of feedback and
control systems for the engineer, they are not particularly
interesting to the physicist.®

This article presents a quite different dynamic method,
which uses sinusoidally oscillating magnetic fields. The
technique is similar to the Paul trap for ions, in which an
oscillating electric potentlal can be arranged in such a way
that the motion of an ion in the field is stable.” The trap-
ping mechanism of such dynamic traps is analogous to the
confinement of a marble placed at the center of a rotating
saddle. Along any given direction, the marble is alternately
attracted to and repelled from the center. If the saddle is
rotating fast enough, the marble will not have time to roll
off before being pushed back, and will be stably confined. A
dipole placed in a suitable alternating magnetic field can be
similarly confined, as shown in the next section.

A trap of this nature was first developed using pure
electric fields, to trap ions. The magnetic version was first
proposed by Lovelace and Tommila for use with atomic
hydrogen.? Electrodynamic traps for macroscopic particles
have %lso been built, most recently by Winters and Ortjo-
hann.

III. THEORY OF ac MAGNETIC CONFINEMENT

Our trap, like the Paul (or “rf”) ion trap, holds a par-
ticle in an oscillating quadrupole potential. We achieve this
using an axially symmetric magnetic field

B,(rz,t) = B,+1/2 (kg +ky. cos Q1) (Z2—1r72), (la)
B.(rz,t)=— (k4. +k, cos Qt)zr, (1b)
where ky. = d*B%/dZ and k,, = d*B*/dZ* are the curva-

tures of the constant and oscillating components of the
field, respectively. If the constant B,, is much larger than
all other terms, the magnitude of the field can be approx-
imated by B,, and the field direction will be predominantly
axial and constant in time. A dipole placed in the field will
align its moment with B and experience a force |u|(VB,).
The resulting classical equations of motion can be cast in
the form of Mathieu equations

d’x/dT*+ (a;+2g;co8 2T)x;=0, x,=rx,=z, (2)

where m is the mass of the particle, a,=4uk,/mQ?, ¢,
=2uk,./mQ?% a,=—a,/2, q,=q,/2, and T=Qt/2. Solu-
tions to the Mathleu equation are described in various ref-
erences.” The important fact is that the solutions are
bounded for certain values of the coefficients a and g. Phys-
ically, this means that if the frequency ) and curvatures
k4 and k,_ are adjusted properly, the dipole will be con-
fined. We use the relationships a,= —2a,, g,=24, to deter-
mine regions of the a,~¢, plane where the stability condi-
tion is met for both the axial and the radial coordinates
simultaneously. If a, and g, lie in one of these “stability
regions,” the dipole can be confined in three dimensions. A
graph of the experimentally most convenient stability re-
gion is shown in Fig. 1.
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Fig. 1. The stability region of the a,—g, plane. Solutions of the Mathieu
equation are governed by the parameters a and g, which are proportional
to the curvature of the dc and ac fields, respectively. For certain values,
solutions exist which will be bounded for all time, while for other values
all solutions diverge to infinity. The relationship between the parameters
for the various components allows the motion to be completely charac-
terized by one pair of values, a, and g,. Plotted is one of the regions of the
a.—q, plane for which particle motion will be confined in all three dimen-
sions.

Even when stable, the motion of the dipole is compli-
cated. For small g, we can approximate the solution of Eq.
(2) by

x(T)=A(14-q/2 cos 2T )cos BT, (3)
where, to fourth order in g,
B=¢/2—a. (4)

In each dimension, then, the motion consists of a large
slow oscillation at frequency wy=pB€2/2, on which is super-
posed a small rapid oscillation at the driving frequency Q.
It is conventional in the ion trapping literature to refer to
these separate components as the secular motion and mi-
cromotion, respectively. The secular motion is that of a
particle placed in a harmonic potential well with spring
constant mw3, while the micromotion is a smaller oscilla-
tion at the frequency of the ac field and with amplitude
that varies with time, proportional to the secular displace-
ment.

We originally contructed this sort of trap to contain
cesium atoms. After successfully doing so, we noted that
the essential parameters a and ¢ depended only on the ratio
of magnetic moment to mass. Since macroscopic ferromag-
nets can have a moment to mass ratios comparable to that
of an individual atom, this trap can work for a bar magnet
in essentially the same way as for an isolated atom. Differ-
ences between the microscopic and macroscopic system
arise in several possible ways. First, if the object to be
trapped is reasonably large compared to the trap itself, the
magnetic field will vary somewhat across the object. Thus
the cohesive forces holding the object together will effect its
motion. Second, if the object is metallic, screening currents
will be induced which will change the field inside the ma-
terial. Skin depths for good conductors at 60 Hz are a few
millimeters, so this effect will be important for an appre-
ciably sized object. Finally, the object to be trapped may be
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constructed of a material with permeability not equal to
one, which will again change the field within the object.

IV. APPARATUS

To stably confine a particle with a given ratio of mag-
netic moment to mass u/m, the magnetic field must meet
several requirements. It must have dc and ac components
with (1) a dc magnitude large compared to the ac magni-
tude; (2) a dc gradient to balance gravity, d|B|/dz=mg/
4, at a position of small or zero ac gradient; and (3) an ac
frequency 2, axial dc curvature k,,, and axial ac curvature
k,. such that the parameters a, and ¢, lie in the region of
stability shown in Fig. 1.

We were faced with several additional practical con-
straints. As the device was intended to be a demonstration
model, it had to be reasonably portable and to not require
bulky power supplies. Therefore we chose Q/27=60 Hz,
and used permanent magnets to produce the dc field. It
was also desirable that the confinement region be clearly
visible. Finally, for simplicity we did not want to use water
or forced air cooling of the ac coils; thus the rate of heat
dissipation limited the amount of current we could use.

The values of a, and g, both depend on the moment to
mass ratio, u/m. The design of the apparatus therefore
depends on the specific material to be trapped. A larger
ratio is desirable because it requires smaller fields for a
given trap depth. We therefore use fragments of a commer-
cially available Nd/Co/Fe alloy magnet, with moment to
mass ratio of roughly 100 erg/G/g, about 2.5 times that of
a spin-polarized cesium atom. The fragments are irregu-
larly shaped since they are obtained by chipping pieces off
of a larger magnet. Less expensive materials, with lower
mass to moment ratios, could certainly be used, but would
require proportionally more driving current. This would be
feasible in a water-cooled system.

The precise determination of y1/m for these fragments is
difficult, but for purposes of designing the trapping fields,
various simple measurements suffice. A technique we find
convenient is to run dc current through a large coil of
known dimensions, and measure how much current is
needed to lift the fragment against gravity. We then know
the field gradient required to cancel gravity, from which we
determine u/m.

The final design used to meet these constraints is
sketched in Fig. 2, and described in detail in the Appendix.
It consists of three ring-shaped permanent magnets and a
coil assembly. The two larger magnets are iron, and are
mounted 1.50 in. above and 1.69 in. below the trap center,
so that their fields add but their gradients nearly cancel.
The third magnet is a thin ring of plastic magnet, mounted
0.2 in. above the plane of the trapping region. It is used to
finely adjust the field curvature and gradient. The com-
bined dc field of the assembly at trap center was predom-
inantly axial, with B~150 G, d B/dz=~10 G/cm, and d’*B/
dz*~8 G/cm?.

A dc curvature of 8 G/cm? and au/mof 100 (erg/G)/g
makes a, equal to 0.02. We see in Fig. 1 that ¢, must be at
least 0.2, which requires an ac curvature of 160 G/ cm? In
order to provide this curvature while insuring that the ac
field be small relative to the dc field, we use a set of four
coils symmetrically mounted in pairs and connected in se-
ries. The current sense of the outer pair is opposite the
sense of the inner pair, so that their respective ac fi¢lds
nearly cancel at the trap center, while their positioning was
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Fig. 2. Arrangement of magnets and coils in the trapping apparatus. The
two large permanent magnets on the top and bottom provide a large field
at trap center, while the magnet in the center provides a small correction
to the gradient and curvature. Coils are driven with 60 Hz ac current, in
the sense indicated.

such that the ac curvatures added. We calculate that the
coils provide an rms magnitude per apzplied current of 2.6
G/A, and a curvature of 41.4 G/cm“/A. Powered by a
Variac, the coils can maintain an ac current of up to 9 A
rms without burning the insulation on the wires,

Although constructing the trap was not difficult, loading
it presented a challenge. The magnetic fragment must be
inserted through the large fringing fields of the coils and
magnets, and released at the proper position with the cor-
rect orientation. We do this by holding the fragment in
nonmagnetic forceps. The orientation is set by placing the
fragment on top of the upper permanent magnet, and then
grabbing it with the forceps held vertically. A simple jig is
then used to position the forceps so that the fragment is
held in the center of the trap, where it is released. We
found that the fragments tended to stick to plastic forceps,
but that copper (and presumably any other nonmagnetic
metal) works adequately. Because it is difficult to release a
fragment exactly at rest in the center of the trap, it is
easiest to turn the current up to 6 A for loading. Once the
initial motion caused by loading has been damped out by
air resistance, the trap current may be gradually reduced to
as low as 3.5 A. All of the authors have been able to
repeatably load fragments up to 5 mm in diameter, and one
(C.A.S.) has loaded fragments of nearly 1 cm. Tinkering
with the position of the shim magnet (part B in Fig. 5) is
sometimes required.

Larger fragments do not require more current than
smaller ones, but are more difficult to load. One source of
difficulty is that large fragments must be positioned more
precisely than smaller ones, since they occupy a large frac-
tion of the trapping region. However, this is somewhat
compensated for by the fact that the micromotion forces in
large fragments can be felt through the forceps. The frag-
ment may then be positioned by feeling the decrease in the
vibration at trap center. Loading is also difficult because as
the fragment is inserted into the trap, it must closely pass
one of the large permanent magnets. For larger fragments,
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the forces felt in this process are significant, and tend to
pull the fragment out of the forceps. Finally, the nonide-
alities mentioned at the end of Sec. III become significant
for fragments larger than a few millimeters.

V. BEHAVIOR OF THE TRAPPED MAGNET

As shown in Sec. III, a magnet in an ac magnetic trap is
expected to execute simple harmonic secular motion, on
which is superposed a small vibration at the driving fre-
quency. The motion of a relatively large fragment, for
which approximation as a point dipole is not accurate, is
considerably altered. The motion is quite complicated and
fascinating, but is difficult to describe quantitatively. How-
ever, for small perturbations from equilibrium, it did prove
possible to analyze the frequency spectrum of the motion.
This analysis, as well as a qualitative description of the
motion, is presented below.

The motion of a trapped fragment is not simple, even for
very small amplitude motion. It depends strongly on the
details of the excitation, but in general is characterized by
strong coupling between the two horizontal translational
modes and the various rotational modes. This coupling is
presumably due to variation in trapping forces across the
fragment, as well as irregular torques produced by air re-
sistance. As an additional complication, the fragment is
essentially free to rotate about its magnetic moment vector,
which is not necessarily along a principle axis and thus
couples to other motions. Damping by air resistance occurs
on a time scale of approximately a minute, but varies with
the size and shape of the fragment. The micromotion is
barely perceptible by eye, showing up as a fuzziness in the
profile of the fragment when it is displaced from the center.

The volume in which the particle was stably confined
was disk shaped, roughly 1 mm high in the axial direction
and up to 2 cm radial diameter. The size of this disk was
observed to decrease as the ac curvature was increased.

To study the frequency components of the motion, a
HeNe laser was used to illuminate the fragment from the
side, so that the shadow of the fragment moved across a
photodiode. We then took a Fourier transform of the out-
put of the photodiode. A sample spectrum for a secular
amplitude of approximately 0.5 mm is shown in Fig. 3.
Rewriting Eq. (3) as separate frequency components, we
obtain

x;(t)=A(cos Bt/2+q;/4 cos[1—B/2)Qt

+g/4 cos(1+B/2)Qt]. (5)

So, if we examine the spectrum near =60 Hz, we expect
to see two pairs of sidebands; one at the axial secular fre-
quency B, and one at the radial frequency 5,. The two outer
pairs of sidebands in Fig. 3 correspond to these frequen-
cies, the axial being the outermost. The innermost pair of
sidebands is due to axial rotation, while the peak at 60 Hz
itself is due to misalignment of the trap components so that
the point at which the dc gradient exactly cancels gravity
does not lie at the center of the ac coils. The equilibrium
position therefore has a slight secular displacement and
corresponding 60 Hz micromotion. For larger secular os-
cillations the Fourier spectrum rapidly becomes more com-
plex, and individual components are impossible to identify.

By varying the ac current, the various secular frequen-
cies can be changed. The axial and radial frequencies may
then be used to determine a, and g, by inverting Eq. (4).
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Fig. 3. Frequency spectrum of fragment motion for small perturbation.
The two outer pairs of sidebands are the axial and radial secular oscilla-
tion. The inner sidebands are due to axial rotation, and 60 Hz peak is an
artifact of trap misalignment.

Figure 4 shows an expanded graph of the stability region in
the a,—¢q, plane, with our, data plotted for several ac cur-
rents. Since a —4kdc/mﬂ does not depend on the ac field,
we expect a variation in the ac current to change only ¢,, so
that the points in Fig. 4 should lie on a horizontal line.
That they do not is probably due to the misalignment of
the permanent magnets. If they are imperfectly aligned, so
that the dc field gradient does not exactly cancel gravity at
the center of the ac coils, the equilibrium position of the
fragment is displaced. The amount of this displacement
depends on the ac fields, so varying the ac current alters
the equilibrium position of the particle. The dc curvature
k4. also varies with position, so that a, will vary slightly
with ac current.

One additional aspect of the trap which we found inter-
esting was the possible use of eddy currents to damp out

0.02 [TTT AT A TTT AT
15
az 0 —
B ﬁR=.125 3_25\
_002IIHIll|||llll|||I|lAlllIl]lIllllll\llllll
o 0.10 0.20 0.30 0.40 0.50

a;

Fig. 4. Expanded section of Fig. 1, showing points at which trap has been
operated. Contours show lines of constant 8. Different data points corre-
spond to different ac currents, and hence different values of g, We expect,
then, that the points should lie on a horizontal line. The anomalous
variation in @, is due to trap misalignment.
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Fig. 5. Drawing of the apparatus. Dimensions are in inches. Parts A are
torroidal iron magnets, with outer diameter 2.9, inner diameter 1.2, and
thickness 0.5. Part B is a trim magnet with OD 2.6, ID 2.1, and thickness
0.25. The position of part B relative to trap center is adjustable by set
screws. Parts C are the coil assembly, shown in detail in Fig. 6. Parts D
are three aluminum support posts, bolted to parts C.

A

secular motion. This effect is quite dramatic, and can be
observed by placing a copper plate near the fragment.
When the plate was placed about a millimeter from the
center of a small fragment, the damping time decreased
from over 1 min to 0.25 s.

VI. CONCLUSION

We have constructed a magnetodynamic trap, capable of
confining a 0.2 g object in three dimensions. The trap is
constructed of simple, low cost materials, and requires only
50 W of power at 60 Hz. The behavior of a trapped particle
is described reasonably well by the Mathieu equation.

The capacity of our trap is limited by the rate of power
dissipation, with lower ratios of magnetic moment to mass
requiring proportionally greater ac current and stronger dc
magnets. The apparent limit on the size object our trap can
contain is the size of the trap itself, although the behavior
of larger objects will likely be less precisely modeled by the
Mathieu equation. Since larger coils require more current
to produce the same curvature, more efficient power dissi-
pation would enable the trap to hold both larger objects
and less magnetic materials.

We perceive the primary value of the trap to be peda-
gogical, as it provides a fascinating example of physics
accessible to the undergraduate student. It is one of rela-
tively few experiments based on purely classical mechanics
suitable for an advanced physics lab. At the same time it
demonstrates a technique which is being used currently in
the trapping and cooling of neutral atoms. If designed as a
fixed lab apparatus instead of a portable demonstration
model, several drawbacks of the trap could be remedied. A
water cooling system for the ac coils would allow explora-
tion of the high curvature regions of the stability diagram.
The use of a dc coil rather than permanent magnets to
supply the required dc field would provide a second adjust-
able parameter, while also allowing fine corrections of the
field alignment. We feel that after improvements such as
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Fig. 6. Mechanical drawing of coil assembly. Dimensions in inches, with
only critical dimensions shown. Wire coils are wound within the channels.
Tapped screw holes are located equilaterally about the top and the bottom
coil form.

these are made, the trap will make an excellent, and inex-
pensive, addition to the undergraduate laboratory reper-
tory.
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APPENDIX: DESIGN SPECIFICATIONS

For readers wishing to duplicate our apparatus, we de-
scribe our final design. A scale drawing of the apparatus is
shown in Fig. 5.

The main permanent magnets we used (parts A in Fig.
5) were obtained from Edmund Scientific, part number
A37,621 at $7.00 each. The trim magnet (part B) was cut
to shape from a sheet of flexible magnetic material. The
material is soft and can easily be cut by a variety of means.

A drawing of the coil forms used (part C) is shown in

Fig. 6. The forms were constructed of aluminum, and
wound with 22 gauge copper magnet wire, with 44 turns in
the larger grooves and 24 turns in the smaller. The four
coils are connected in series. The two large grooves should
be wound in the same direction, and the two s.naller
grooves in the opposite direction. The coils can be powered
by running line voltage through a low-current variable
transformer, providing say 2 A at O to 120 V. This current
is then fed to a step down transformer, which yields 20 A
at 0 to 12 V. The appropriate transformers can be obtained
from any electronics supplier, at a cost of around $80.
Adjustibility of the current is not strictly necessary for the
operation of the trap, so if cost is a significant constraint, a
single transformer, or even a lamp bank could be used to
power the coils.

The coils and magnets are held in place by three alumi-
num supports, placed axially around the trap. One of the
supports is shown in Fig. 5 (part D). A 1/2 in. diam
aluminum post was attached to one of the supports, and
used as a jig to position the forceps when loading the trap.
The jig was constructed by attaching a screw to the for-
ceps, and mounting them on an (aluminum) optical post.
The forceps assembly was then mounted on the large post
using post clamps, obtainable from an optics supplier.
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